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Kalman filter can be used to estimate model parameters in a state-space form

Measurement: yi = a + H x; + 17, ri~N (0, Ri)
nx1 nx1 nxm mx1 nx1 nxn
1)
State transition: x; = ¢; + F; xi-1+ q;, qi~N (O, Qi>
mx1 mx1 mxXm mx1 mx1 mxXm

where r; and g; are Gaussian white noise with covariance R; and Q; respectively. It is designed to filter
out the desired true signal and the unobserved component from unwanted noises. The measurement system
is observable. It describes the relationship between the observed variables y; and the state variables x;.
The transition system is unobservable. It describes the dynamics of the state variables as formulated by
vector ¢; and matrix F;. The vector r; and g; are innovations for measurement and transition system
respectively. They are assumed to follow multivariate Gaussian distribution with zero mean and
covariance matrix R; and Q; respectively.

The Kalman filter is a recursive estimator. This means that only the estimated state from the
previous time step and the current measurement are needed to compute the estimate for the current state.

Define the mean and variance of x; conditioning on the observed measurements y,, y1, -,y for h <i

Eyin = Enlxi] = E[x;y0, Y1, Vil

2 (2)
Vein = V[x; = Exjn] = E [(xi — Exin) ]

The procedure generally consists of four steps:
1. Initialize the state vector:

Since we do not know anything about E, o, we Will make an assumption xo~N (u, )
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Exo10 = & Voo =2 3)
2. Predict the a priori state vectorforh =i —1andi = 1,2,

Exiin = Eplx;] = Eplc; + Fixp + qi] = ¢; + FiEx pin

(4)
Vith = V[%i = Exgn] = V]ci + Fixp + q; — ¢; = FiEx pin| = FiVannFi + Q;
3. Forecast the measurement equation based on E,, ;j, and V, ;"
Eyin = Eplyi]l = Epla; + Hix; + 73] = a; + HiEy i
(%)

Vyitn = V[yi = Eyun| = V]a; + Hix; + 1 — a; — HiEyyyn| = HiVyynHi + R;
4. Update the inference to the state vector using measurement residual z; = y; — E, ;;, and Kalman gain

K; :

mxn
Eyili = Exiyn + Kiz; and
Viiti = V[x; = Exiii] = V[x; = Exyn — Ki(vi = Eyn)] = VU = KiH) (% — Exjn) — Kiri] ©
= (I — K;H) V(I — KiH)' + KiRK] = Vyeyn — 2K;HVoeijn + Ki(HiVieyjn Hi + Ri)K]
= (I = 2K;H)Vyin + KiVy i K{

The error in the a posteriori state estimation is x; — E, ;;. We want to minimize the expected value of

the square of the magnitude of this vector, i.e. E; [”xl - Ex,i|i||2]. This is equivalent to minimizing the

trace of the a posteriori estimate covariance matrix V, ;;. By setting its first derivative to zero, we can

derive the optimal Kalman gain K;

atl‘(Vx'i”)

oK = =2V inH{ + 2KV n =0 = K, =VynHiV, (7)
l

iVy,ilh

Calculation of V.

y,ilm involves matrix inverse, however if the R; ! is available and the Vyijn has a much

smaller dimension than V,, ;,, the Vy‘,}m can be calculated in a more efficient way using Sherman-
Morrison-Woodbury formula. Given the optimal K; in (7), the Vy.iji can be further simplified to

Veiii = (I = 2KiH: )V iin + KiVy qnKi = (I = 2KH; )V + Ve Hi K] = (I = KiH))Voin - (8)
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We recursively generate the residual z; and its covariance V,, ;, by stepping through the above
procedure for i = 1,---,N. The model parameters are then estimated through Maximum Likelihood

Estimation (MLE) by maximizing the log likelihood function of the z; time series:

1
1(9) - Z IOg [(277) 2| L|h| exp( 22 Vyl|hzl)l

(9)

N
nNlog(2m) 1 'y
NI | 1N gyl - Vi)
i=1

We can ignore the constant term and constant multiplier in front of the sum sign, hence maximizing the

log likelihood function 1(8) is equivalent to maximizing the following sum:

N
1(6) = Z(— log|Vy,in| — 2{Vy iinzi) 10

i=1



